Abstract. We introduce a weighed scalar average formalism ("q-average") for the study of the theoretical properties and the dynamics of spherically symmetric Lemaître-Tolman-Bondi (LTB) dust models models. The "q-scalars" that emerge by applying the q-averages to the density, Hubble expansion and spatial curvature (which are common to FLRW models) are directly expressible in terms of curvature and kinematic invariants and identically satisfy FLRW evolution laws without the back-reaction terms that characterize Buchert's average. The local and non-local fluctuations and perturbations with respect to the q-average convey the effects of inhomogeneity through the ratio of curvature and kinematic invariants and the magnitude of radial gradients. All curvature and kinematic proper tensors that characterize the models are expressible as irreducible algebraic expansions on the metric and 4-velocity, whose coefficients are the q-scalars and their linear and quadratic local fluctuation. All invariant contractions of these tensors are quadratic fluctuations, whose q-averages are directly and exactly related to statistical correlation moments of the density and Hubble expansion scalar. We explore the application of this formalism to a definition of a gravitational entropy functional proposed by Hosoya et al (2004 Phys. Rev. Lett. 92 141302-14). We show that a positive entropy production follows from a negative correlation between fluctuations of the density and Hubble scalar, providing a brief outline on its fulfillment in various LTB models and regions. While the q-average formalism is specially suited for LTB (and Szekeres) models, it may provide a valuable theoretical insight on the properties of scalar averaging in inhomogeneous spacetimes in general.
Introduction.
The spherically symmetric Lemaître-Tolman-Bondi (LTB) dust models [1, 2, 3, 4, 5] are a very popular class of exact solutions of Einstein's equations ‡ . Since these models allow us to study non-linear effects in self-gravitating systems by means of analytic expressions or mathematically tractable numerical methods, they have been used in the literature in a wide variety of contexts: as models of cosmological inhomogeneities [6, 7, 8, 9, 10, 11, 12, 13] (see [3, 4, 5, 6, 13] for reviews), as preferred test models in the effort to explain observations without resorting to dark energy [6, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23] (see reviews in [5, 23] ), cosmic censorship [24, 25] and even in quantum gravity [26] .
The LTB models are usually described by their standard original metric variables, which are well suited for most of their physical and cosmological applications, as can be appreciated in the abundant literature (see the book reviews [3, 4, 5] ). However, different variables may be better suited to examine the theoretical properties of the models in a coordinate independent manner, for example, the covariant 'fluid flow' scalars in the "1+3" formalism [27, 28, 29, 30, 31, 32 ] whose evolution equations and spacelike constraints are equivalent to the field equations (see [33] for an innovative approach to the models). Another set of alternative dynamical variables are the "quasi-local" scalars (to be denoted as "q-scalars"), defined as weighed proper volume averages ("q-averages") of covariant fluid flow scalars on spherical comoving domains. The q-scalars can be, either functionals defined on arbitrary fixed domains, or functions ("q-functions") when considering the pointwise dependence of the average on the varying boundary of a domain. By comparing q-scalars with the nonaveraged scalars we obtain fluctuations and perturbations, which are exact, not approximated, quantities. The fluctuations and perturbations can be "local" when the comparison is with q-functions in a pointwise manner, or "non-local" if comparing local non-averaged values with the q-average assigned to a whole domain (which in an asymptotic limit could encompass a whole time slice).
The relevance of the present article (and its continuation, part II) follows from the fact that averaging over inhomogeneous spacetimes has become recently an important open topic in current research in General Relativity. Evidently, as a frame dependent average acting on scalars, the q-average should be examined in reference and comparison to the similar averaging formalism of Buchert [34] , which is widely used in the literature (see the comprehensive reviews in [35, 36] and [37, 38] for an alternative covariant averaging formalism acting on proper tensors, see also [39] for further discussion on averaging).
The q-average differs from Buchert's average by the introduction of a non-trivial weight factor in the average integrals. While such a weighed proper volume average can be proposed for any spacetime, it is not evident if a procedure exists to find the right weight factor that can yield useful results for generic spacetimes. So far, this procedure has been tried, and found successful, only for spacetimes compatible with the LTB metric (with a dust source and with nonzero pressure [40, 41, 51, 52, 53, 54, 55, 56, 57] ) and to Szekeres dust models [42, 43] , assuming in all cases a comoving frame. Hence, ‡ This class of exact solutions was derived by Lemaître in 1930 [1] , being further investigated by Tolman and Sen in 1934 , and by Bondi in 1947 (all these articles are cited in reference [2] ). Articles and book reviews by Krasinski and coworkers (see [3, 4, 5] and references therein) refer to these solutions as "Lemaître-Tolman" (LT) models. However, the term "LTB models" has become the standard name identifying them in the literature the q-average and the results emerging from it still remain "model dependent" by their being specially suited for LTB and Szekeres models. On the other hand, Buchert's formalism is directly applicable to any spacetime under any time slicing without the need to find an appropriate weight factor, and thus in this respect, it may be regarded as "model independent". Since Buchert's evolution equations reveal the presence of "back-reaction" correlation terms that convey a significant modification of the dynamics, this formalism has a good potential for applications in Cosmology, for example, to understand the effects of non-linearity in structure formation [44] , in the reinterpretation of observations [45] , in the possibility of explaining cosmic acceleration and dark energy [46] , and even in modeling dark energy sources [47] . As physically well motivated toy models of cosmological inhomogeneities, LTB models provide an ideal scenario to apply and test Buchert's formalism [48, 49, 50, 51, 52, 53] . In particular, q-functions and their local fluctuations and perturbations have already been employed as useful tools to examine the existence of back-reaction and "effective" acceleration in generic LTB models in the context of Buchert's formalism [51, 52, 53] .
In the present article (and its continuation, part II) we extend and enhance previous work by addressing various novel issues on the application of the q-average formalism to LTB models. In particular, besides the q-functions and local fluctuations and perturbations that were used in [40, 41, 51, 52, 53, 54, 55, 56, 57] , we now consider also the q-scalars defined as strict average functionals and their associated non-local fluctuations and perturbations.
The section contents of the paper are as follows: LTB models in their "standard" variables are described in section 2, while the q-scalars and their main properties are derived and summarized in sections 3 and 4. We define local and non-local fluctuations and perturbations in section 5, showing that only the latter are proper statistical fluctuations. In section 6 we examine the relation of local and non-local fluctuations with all tensorial objects characteristic of the models (summarized in Appendix D). We show that all invariant contractions of proper curvature and kinematic tensors are expressible as quadratic fluctuations of the density and of the Hubble expansion scalar, while the proper tensors themselves are expressible as irreducible algebraic expansions of the metric and 4-velocity, whose coefficients are q-scalars and their local linear and quadratic fluctuations (or perturbations). In particular, the curvature tensors (Riemann, Ricci, Weyl and electric Weyl) and their contractions are entirely expressible in terms of the Ricci scalar, its q-average and its local fluctuations. While local and non-local quadratic fluctuations of the density and Hubble scalar are different objects, their q-average is the same for every domain (see proof in Appendix C), and as a consequence, the q-average of these fluctuations are averages of invariant scalar contractions and are equal to the statistical variance and covariance (correlation) moments of the density and of the Hubble expansion scalar.
In section 7 we provide a comparison with Buchert's averaging formalism. We show that the back-reaction terms that appear in Buchert's dynamical equations (Raychaudhuri and Friedman equations) vanish identically in the evolution equations associated with the q-scalars. Hence, the utilization of the q-average (at least as far as LTB models are concerned) leads to different implications from those of Buchert's average: instead of modifying the dynamics by the extra back-reaction terms, the q-scalars provide a more elegant and covariant description, with deeper theoretical insight, of the existing fluid flow dynamics that follows from the results of section 6: the direct (non-perturbative) relation between proper tensors and their contractions with local fluctuations and between the q-averages of quadratic fluctuations and statistical correlation moments of the density and Hubble expansion. These simple straightforward theoretically significant (and covariant) relations do not occur with Buchert's averaging (at least in its non-perturbative application to LTB models).
As an application of the q-average formalism, we consider in section 8 the qaverages in the context of the entropy Leibler-Kullback functional from Information Theory proposed by Hosoya, Buchert and Morita [35, 58, 59, 60] . We obtain the same conjecture whereby a positive entropy production from this functional follows from a negative statistical correlation between the fluctuations of the density and the Hubble expansion scalar (which is the average of an invariant quadratic contraction of the electric Weyl and shear tensors). We show by qualitative arguments (as a preliminary result) that this conjecture is fulfilled in the late time evolution of hyperbolic and elliptic models, but not in the early time evolution when the nonzero density decaying mode is dominant (non-simultaneous big bang [4] ). A summary and final comments are provided in section 9. The paper contains four brief appendices: Appendix A summarizes the standard analytic solutions of the field equations, Appendix B proves that functions of q-scalars are also q-scalars, Appendix C contains the rigorous proof that local and non-local quadratic fluctuations of the density and Hubble scalar have exactly the same q-average for any domain, and Appendix D provides the irreducible algebraic expansions for all curvature and kinematic proper tensors characteristic of the models.
The dynamics of LTB models.
The "Lemaître-Tolman-Bondi (LTB) models" are the well known exact solutions of Einstein's field equations characterized by the LTB metric [1, 2, 3, 4] :
where R = R(t, r), R = ∂R/∂r and E = E(r) (we have set G = c = 1 and r has length units). For a normal geodesic comoving 4-velocity u a = δ a 0 and a dust source T ab = ρ u a u b with rest-mass density ρ the field equations reduce tȯ
whereṘ = u a R ,a = ∂R/∂t, and M = M (r) is the "effective" mass (the quasi-local mass function [1, 61, 62, 63] , see further discussion in [41] ). §
Covariant objects.
LTB models are characterized by the following covariant objects associated with u a , T ab and the projection tensor h ab = g ab + u a u b :
• the rest-mass energy density given by (2b): ρ = u a u b T ab :
• the Hubble expansion scalar:
• the Ricci scalar of the hypersurfaces 3 T [t] orthogonal to u a and marked by constant arbitrary t, whose induced metric is h ab = g ij δ i a δ j b with i, j = r, ϑ, ϕ:
6
, with:
• the shear tensor (σ ab =∇ (a u b) − (θ/3)h ab ) and the electric Weyl tensor (E ab = u c u d C acbd ):
where C abcd is the Weyl tensor and the eigenvalues (Σ and E) of σ ab and E ab are given in the eigenframe e ab = h ab − 3n a n b , with n a = √ h rr δ r a being a unit 4-vector orthogonal to u a and to the orbits of SO(3).
It is evident that the dynamics of LTB models becomes completely determined once the following covariant scalars
have been computed, which can be done through the metric functions (see exact solutions (A.1) in Appendix A) or from suitable evolution equations (see equations (8a)-(8d) further ahead).
2.2. Analytic solutions vs the "fluid flow" covariant approach.
Most of the literature dealing with LTB models and their applications (see reviews in [3, 4, 5] ) relies on the analytic solutions of the field equation (2a) (see Appendix A). These solutions are given by equations (A.1) and fully determine the dynamics of the models, as they allow us to obtain (implicitly or parametrically) analytic expressions for quantities like R andṘ that are needed to compute the covariant scalars (7) from their forms in (2b) and (3)- (6) . However, the dynamics of the models can also be fully determined by finding the scalars (7) through suitable evolution equations, such as those that follow from the "1+3" formalism of Ehlers, Ellis, Bruni, Dunsby and van Ellst [27, 28, 29, 32, 30, 31] :
together with the spacelike and Hamiltonian constraints
Solving this system of partial differential equations is equivalent to working out the models through the field equations (2a)-(2b) and the solutions (A.1). However, (7) is not the only nor the most convenient 'fluid flow' scalar representation to handle the models.
3. The q-scalars.
As shown in [40, 41, 56, 57] , an alternative coordinate independent "fluid flow" representation for the LTB models is provided by the "quasi-local" or q-scalars and their fluctuations and perturbations. We provide below a rigorous definition of these variables.
The q-averages.
Consider an arbitrary complete ¶ time slice 3 T [t] of an LTB model with metric (1) whose proper volume element is
where (from (2a))
can be foliated by the class of 2-spheres that are the boundaries of compact concentric spherical comoving domains diffeomorphic to 
where the "weight factor" F is given by (12) .
See [40, 41] for a discussion on the relation between the definition of q-scalars (q-averages and q-functions in (13) and (16)) to the quasi-local or Misner-Sharp mass when A = ρ. The notation and units here are different from those of previous articles: q-scalars were denoted as A * in [40, 41] , while the symbol m was used for (4/3)πρ and k for K in [52, 51, 53, 56, 57] . The notation used in (13) expresses the domain dependence of the q-average by the symbol "[r b ]" that univocally identifies any domain D[r b ] by its boundary: the comoving 2-sphere marked by constant arbitrary r = r b . We use the subindex q to distinguish the q-average from the standard proper volume average functional of Buchert's formalism. Both averages coincide only for parabolic models (see first class of solutions in (A.1)) for which F = 1, E = 0 and self-similar LTB models for which F = 1, E = const. (see [53] ).
¶ See [57, 53] for the case of non-complete slices intersecting a curvature singularity. We assume absence of shell crossing singularities and do not consider time slices 3 T [t] with: (i) "closed" topology (homeomorphic to S 3 ) and (ii) lacking symmetry centers. Hence we assume that R > 0 holds for all r.
By applying (13) to (2b), (3) and (4) it is straightforward to evaluate in an arbitrary fixed domain D[r b ] the q-average of those covariant scalars A = ρ, H, K that are common with a FLRW cosmology:
where
, and we simply applied the definition (13) to (2b), (3) and (4). The q-averages
which is formally identical with the Friedman equation for a dust FLRW model given in terms of the q-averages of the equivalent LTB scalars.
It is important to remark that the weight factor (12) is an invariant quantity, since R and M are invariant scalars in spherically symmetric spacetimes [63] . In fact, in the Newtonian limit (2M/R 1) this factor reduces to the total binding energy of comoving dust layers, while in the special relativity limit it becomes the "gamma factor" [62] .
The q-functions.
Since r = r b in (13) and (14a)-(14c) is arbitrary, the definition of the q-average functional leads in a natural way to local functions with this corresponding rule. We define then:
The q-functions. 
holds for every r ≥ 0. Strictly speaking, the q-functions are q-averages that depend on a varying domain boundary.
Evidently, (14a)- (14c) and (16) imply that the q-functions associated with A = ρ, H, K are
where all functions above (save those inside the integral sign) are real valued functions that depend on the upper bound of the integration range 0 ≤r ≤ r for arbitrary r (or the domain boundary for arbitrary domains).
Functionals vs functions.
The difference between the average functional A q [r b ] and its associated q-function A q (r) is subtle but important (see figures 1a and 1b of references [51, 52, 53] ). For every fixed arbitrary domain
they are identical at the boundary r = r b , but they differ for all points r = r b because A q [r b ] has been assigned by (13) (as a functional) to the whole of D[r b ] and must be considered as a constant for points r < r b inside this domain in each time slice 3 T [t], while A q (r) (as a function) varies smoothly along these inner points (and also along outer points r > r b ). As a consequence, the A q [r b ] and A q (r) satisfy the same local derivation rules (21)- (22) at the boundary of each generic domain (see next section), but behave differently when integrated along any fixed domain in the range 0 ≤r ≤ r b . Hence:
holds for every scalar and every domain. The difference between functionals and functions is clearly illustrated in figure 1 of [52] and figure 1 of [53] .
Notation.
We will adopt henceforth the following conventions in order to simplify the notation:
• The time dependence of functionals and functions will be omitted unless it is needed to avoid ambiguities. The symbolr will be used as a dummy variable inside integral signs.
• Unless stated otherwise, radial dependence given in terms of r (i.e. "M (r)" or "ρ q (r)" or " ρ q [r]") or altogether omitted (i.e. "M " or "ρ q " or " ρ q ") will be understood as local point-wise dependence like q-functions, whereas radial dependence in terms of r b will denote functionals that correspond to a fixed arbitrary domain D[r b ] and functions that equate to them (as in the right hand sides of (14a)-(14c)).
4.
Properties of the q-scalars.
Time and radial derivatives.
It is straightforward to show that the following commutating rule holds for every scalar
where we used (14b) and expressed (3) as
The following useful relations are readily obtained:
where (22) follows by integrating (13) by parts. The same properties hold identically for the q-functions A q .
Functions of q-scalars.
As we prove in Appendix B (see also Appendix C of [42] ), all scalars expressible as functions of q-scalars are themselves q-scalars. As an example, consider the Omega factor (analogous to a FLRW Omega factor) defined as a q-function
whose associated local scalar is given by (B.3) as
where we used the quotation marks to emphasize that Ω = 8πρ/(3H 2 ) = U (ρ, H). Notice that (24) can be expressed as Ω = Ω q (1 + δ
(Ω) ) with δ (Ω) given by (30).
The q-scalars satisfy FLRW time evolution.
It is straightforward to show that the q-scalars (14a)- (14c) and (23) 
which are identical to the evolution equations satisfied by the equivalent covariant scalarsρ,H,K,Ω of a FLRW dust model (a tilde will denote henceforth FLRW objects). This fact evidently singles out the q-scalars as LTB scalars that behave as FLRW scalars (in the sense that they comply with FLRW dynamics). We comment further on this issue in part II.
5. Fluctuations and perturbations of q-scalars.
Local fluctuations and perturbations.
If A and A q = A q are both evaluated as real valued functions on the same arbitrary value r that denotes a varying boundary of concentric domains D[r] for r ≥ 0, then a local fluctuation can be defined at each r by the simple pointwise comparison:
By normalizing D(A) with A q we obtain the useful dimensionless relative local fluctuations that will be called local "perturbations":
+ These evolution laws also hold for the q-functions Aq. which comply (from (21) and (22)) with the following useful relation with radial gradients of A q and A (also valid for the A q ):
that lead, using (21), (22) and (B.3), to the following linear algebraic relations among the δ (A) :
where Ω q is given by (23) and δ (Ω) above is consistent with Ω = Ω q (1 + δ (Ω) ) in (24).
Non-local fluctuations and perturbations.
As opposed to local fluctuations that compare A with A q = A q at the same r, we can define for every fixed domain
that compare local values A(r) inside the domain with the q-average (functional) of A, which is a non-local quantity assigned to the whole domain (notice that at every
is effectively a constant for all r < r b and a function of t for varying 3 T [t]). Non-local perturbations are readily defined by
and, evidently, do not comply with (28) and the properties that follow thereof (notice that ∂/∂r[δ
Statistical fluctuations.
Since evaluating a q-average for a fixed arbitrary D[r b ] involves integration through the range 0 ≤r ≤ r b , and the functional A q [r b ] is effectively constant in this range at every 3 T [t], then, following (19) , the q-average of local and non-local linear fluctuations is different: 
where we omitted the 6. Relation of q-scalars and their fluctuations with curvature and kinematic invariants and tensors.
As shown in Appendix D, all proper curvature and kinematic tensors characteristic of LTB models are expressible in terms of algebraic combinations of g ab , u a and the eigenframe e ab defined below (5) and (6), with their scalar coefficients given entirely by four scalar invariants: the Ricci scalar (R), the Newman-Penrose conformal invariant (Ψ 2 = −E), the Hubble expansion H = θ/3 and the eigenvalue of the shear tensor, Σ (see (3) and (5)). As a consequence, the q-scalars ρ q , H q are coordinate independent quantities, as they are directly related to these four scalar invariants:
where we used (2a), (3)- (6), (14a)- (15) and/or (17)- (18), and the fact that R = 8πρ. We remark that these relations hold for their associated q-averages ρ q , H q , K q as functions of a varying domain boundary r. The expressions for other q-scalars, K q and Ω q , in terms of R, Ψ 2 , Σ, H can be found by eliminating these q-scalars from the constraints (18) and (23) and substituting (36) .
It is easy to show that the eigenvalues of the shear and electric Weyl tensors are local linear fluctuations over the q-averages (or q-functions) of H and ρ:
where we applied (17) to (3), (5) 
while their scalar contractions take the form:
which depend exclusively on ρ, H and their fluctuations. Considering that we have
for all A, the tensors (38a)-(38d) and their contractions (39a)-(39c) can be entirely given in terms of ρ q , H q and their local perturbations: (17), since M and R are scalar invariants in spherically symmetric spacetimes [63] .
which shows that the variables {ρ q , H q , δ (ρ) , δ (H) } should provide a full dynamical representation for the models, so that δ (ρ) = δ (H) = 0 indicates a FLRW limit characterized by the vanishing of the shear tensor and Weyl part of the curvature tensors. Notice that all these tensors can also be expressed in terms of other q-scalars (K q , Ω q ) and their local perturbations (δ (K) , δ (Ω) ), as the latter can be obtained from
by means of the algebraic constraints (18), (23), (29) and (30) . Bearing in mind that R q = 8πρ q , we can express the conformal invariant Ψ 2 as a local fluctuation of the Ricci scalar:
, and thus express curvature tensors (the electric Weyl, Weyl and Riemann) and their contractions in terms of the the Ricci scalar and its fluctuations:
where we used (41a) and (D.3). These expressions provide an elegant geometric interpretation of the inhomogeneity associated with the Weyl part of curvature tensors and scalars in terms of fluctuations of the Ricci scalar. Since a non-vanishing shear and Weyl curvature are indicative of the difference between LTB and FLRW models, it is very useful to express the basic local perturbations δ (ρ) and δ (H) as
where the quotients
provide an invariant measure of the deviation from FLRW geometry through the ratio of Weyl to Ricci scalar curvatures (ξ) and the ratio of anisotropic to isotropic expansion (ζ) . The remaining perturbations δ (K) and δ (Ω) can be expressed in terms of ξ and Wainwight and Andrews [33] also emphasize the role of the ratio of Weyl to Ricci curvature as an invariant measure of the deviation of LTB models from FLRW geometry. However, their study was not based on averaging and they consider a quadratic non-negative ratio C abcd C abcd /R ab R ab . As a ζ by using the constraints (29) and (30) to eliminate them in terms of δ (ρ) and δ (H) and then substituting (42a) and (42b). Since Σ and E are local linear fluctuations of H and ρ, we have for all r = r b :
However, as a consequence of (34), (35) and (37), the averages of the scalars Σ 2 , E 2 and Σ E are averages of local quadratic fluctuations, leading to the following statistical fluctuations that relate to the variance moment with respect to H q and ρ q at any domain:
so that, in view of (5) and (39c), these fluctuations relate to averages of quadratic contractions of the shear and electric Weyl tensors:
while the q-averages of contractions of the Riemann and Weyl tensors are expressible either in terms of ρ or R and their statistical variance moments:
where we used the fact that R q = 8π ρ q and R ab R ab = R 2 . We can express the quadratic ratio of Weyl to Ricci curvatures as a sort of "standard deviation" of ρ with respect to ρ q :
A similar standard deviation of H with respect to H q follows as the quotient of averages of quadratic covariant scalars σ ab σ ab and H 2 = θ 2 /9:
where we used (5) and (37) .
contrast, the sign of the first order ratio Ψ 2 /R that we use here is not a priori defined. We would like to emphasize that nonzero ξ and ζ in (43) do not provide a measure of "inhomogeneity" in general, as both are nonzero in homogeneous but anisotropic Bianchi models and ξ = 0 holds for conformally flat spacetimes, which are (in general) inhomogeneous [3, 64] .
7.
Comparison with Buchert's averaging.
Scale factors and reference volumes.
The q-average of the Hubble factor in equations (14b) and (17) can also be written as the definition of a dimensionless scale factor associated with (13):
where R 0 = R(t 0 , r) and t 0 is a fixed arbitrary value of t. A scale factor analogous to a (denoted as "a D ") is also defined in Buchert's averaging formalism for every domain [34, 35, 36] . In its application to LTB models [ 
where dV p is the proper volume element (11), F is the weight factor (12) and V p0 is the proper volume of any given domain D[r] evaluated at an arbitrary t = t 0 . Comparing (50) and (51) . The quasilocal volume follows from an integral carried on at arbitrary time slices (t fixed), therefore, R = dR = R dr can always be used as a global radial coordinate along the time slices in models in which these slices admit a symmetry center (at r = 0) and have "open" topology, so that R > 0 holds for all r (assuming absence of shell crossings). As a consequence, V q is equivalent to an Euclidean 3-volume integral at each time slice for these models. This is not the case for models in which the time slices admit two symmetry centers and have spherical topology (homeomorphic to S 3 ) because R changes sign regularly and R cannot be a global radial coordinate for these slices. In this case V q reaches a maximal value at the "equator" of the slice and vanishes at the second symmetry center, so that we have V q = 0 for the whole slice. Evidently, a non-trivial F in (51) implies that the reference volume of Buchert's average V p is not equivalent to an Euclidean 3-volume integral and V p > 0 if evaluated for any whole slice with spherical topology.
No back-reaction in the q-average.
The most important difference between the q-average (13) and Buchert's averaging formalism is the fact that the evolution equations that follow from (13) and its fluctuations lack the "back-reaction" correlation terms that appear in Buchert's evolution equations [34, 35, 36] . This fact follows readily by comparing (25a)-(25b) with the equivalent equations in Buchert's formalism as applied to LTB models [48, 49, 50, 51, 52, 53] .
Using (37) to express Σ in terms of H − H q = D(H) and the commutation rule H ˙q − Ḣ q taken from (20) , the weighed average (13) applied to the Raychaudhuri equation (8a) yields:
where Q q [r b ] is the back-reaction term:
which vanishes identically for every domain as a consequence of (34) applied to A = H (see (C.1)-(C.3) for the proof of this result, see also [53] ). Hence, (52) reduces exactly to the FLRW Raychaudhuri equation in (25b) with zero back-reaction. This is a completely different outcome in comparison with the average from Buchert's formalism, which we will denote henceforth with the subindex p as A p [r b ]. Applying Buchert's average to the Raychaudhuri equation (8a) yields a similar equation as (52), but with a non-vanishing back-reaction term [34, 35, 36] 
with :
with the Hamiltonian constraint (15) taking the form
and the energy balance equation (8b) remaining with the same form. Another important difference with Buchert's averaging is the issue of completeness of the evolution equations. If we consider averaged scalars A p and fluctuations constructed with this average in the framework of Buchert's formalism, we do not obtain a complete self-consistent set of evolution equations unless we make extra assumptions on the back-reaction terms [35, 36, 47] . As a contrast, the scalars that emerge from the q-average (as functionals and as functions) yield complete self-consistent sets of evolution equations without the need to introduce further assumptions (these evolution equations are derived in section 4 of part II).
Evidently, since invariant scalars like σ ab σ ab , E ab E ab and σ ab E ab are quadratic fluctuations with respect to the q-functions ρ q , H q (which relate to the q-averages ρ q and H q ), and not with respect to functions associated with ρ p and H p , quadratic and higher order fluctuations in Buchert's formalism are not equal to these invariants, and thus we cannot obtain in this formalism the simple straightforward relations between averages of these invariants and statistical moments of ρ and H of section 6. However, we can still obtain analytic expressions for computing Buchert's average for these invariants. Considering that for any domain the q-average and Buchert's average of any scalar are related by
together with the identities (45a)-(45c) and (46a)-(46c), we can obtain the following exact expressions for Buchert's average of quadratic scalar contractions:
which lead to the following appealing identities which relate the two averages of these scalars and their correlation with the weight factor F:
where we have omitted the [r b ] symbol to simplify notation and Cov p is the covariance correlation moment (35) with respect to Buchert's average.
Gravitational entropy.
A gravitational entropy functional has been proposed by Hosoya, Buchert and Morita [35, 58, 59, 60] , as an application of the Kullback-Leibler functional of Information Theory to spacetimes with inhomogeneous dust sources. While Hosoya et al. defined this functional with Buchert's average (i.e. (13) with F = 1 acting on any scalar), we consider here the same functional with the weighed q-average (13) 
where S eq = S eq (r b ), and we have introduced the constant γ 0 = k B /(mc 2 ), with k B being the Boltzmann's and m a particle mass, so that S − S eq has units of entropy. If we define the entropy current associated with (59) as S a = ρ (S − S eq ) u a , then by considering the rest mass density conservation law (8b) we obtain the following entropy balance law:
which allows us to identify the inhomogeneity measured by ρ(r) = ρ q [r b ] as the source of gravitational entropy production (Ṡ > 0) in arbitrary domains D[r b ] of LTB models, with equilibrium states complying withṠ = 0, S = S eq and corresponding to:
FLRW models as the homogeneous subset (particular case) of LTB models for which ρ(r) = ρ q [r b ] holds for all r, r b , t.
Specific boundaries of generic LTB models, such as:
• The center worldline (in models admitting a regular center) corresponding to the case r b = 0, since ρ(t, 0) = ρ q (t, 0) holds for all t [56, 57, 53] .
• Asymptotic boundary r → ∞ along radial rays of time slices 3 T [t] of LTB models radially converging to a FLRW state (see section 10.2 and [56] ), for which both ρ and ρ q tend to the same value ρ ∞ =ρ(t) in this limit (see figure  4 of part II).
• The boundary r = We remark that in all the equilibrium states listed above we have D(ρ) = D NL (ρ) = 0, and thus entropy production is closely related with the existence of nonzero density fluctuations. For the remaining of this section we will assume domains such thatṠ = 0 holds. In order to evaluateṠ, we apply the time derivative commutation rule (20) to (59), leading after some algebraic manipulation to the same relation betweenṠ and the non-commutativity of the time derivative and the average found in [58, 59, 60 
which, with the help of (20) and (35), can be related to the negative statistical correlation of fluctuations of ρ and H, given by the covariance momentum with respect to the q-averages of these variables in a domain D[r b ]:
so that:
where we have applied (35) to replace non-local fluctuations with local ones (see proof in Appendix C). Considering (5)- (6), (37), (39c) and (45c), condition (64) can be given in terms of the q-average of a scalar invariant by:
which is a very elegant way to connect (59) with an unequivocal and completely coordinate independent marker of inhomogeneity, as it contains contributions from density and velocity fluctuations. Notice that, as consequence of (63)- (65), the conditionṠ = 0 in equilibrium states implies
and thus fluctuations of all q-scalars necessarily vanish in these states. Also, these equilibrium states imply that the local quadratic fluctuation and variance moment of the Ricci scalar is zero (from (41a) and (47b)). As pointed out by the authors in references [58, 59, 60] (who also obtained the relations (63) and (64) but not (65)), a negative correlation of the density and Hubble fluctuations seems to be consistent with the intuitive behavior of gravitational clustering processes in structure formation scenarios: over/under dense regions tend to contract/expand as density increases/decreases. However, this intuitive behavior occurs in the time evolution, not (necessarily) in domains along time slices where averages are computed. Therefore, as much as (64) is an intuitively appealing and elegant proposition (in view of (65)), it is not a priori evident that we will obtain the desired negative sign of D(ρ)D(H) when actually computing the fluctuations. Since verifying (64) in arbitrary domains of generic inhomogeneous LTB models is a comprehensive task that is beyond the scope of this paper, we provide in this section a guideline on how this verification can be accomplished, as well as some preliminary results.
Testing (64) involves computing radial integrals of quantities whose explicit radial dependence is not known (and thus must be done numerically). However, we can infer the fulfillment of (64) by means of the following sufficient (but not necessary) condition that can be evaluated at the boundary of every domain r = r 0 :
where we used (35) (see its proof in (C.6)-(C.7)) to be able to consider the fluctuations evaluated at the boundary r = r b of a fixed but arbitrary domain. Considering (21) and (22), the product of these fluctuations is
and thus condition (66) can be given directly in terms of the correlation of the radial gradients of the density and the Hubble expansion scalar: † †
or (from (28)) in terms of the local perturbations δ (ρ) , δ (H) :
Either one of (68) or (69) allows us to test (at least qualitatively) the fulfillment oḟ S > 0 in arbitrary domains of generic LTB models by means of the analytic and qualitative results derived in [53, 56, 57] . While a detailed verification of (68) or (69) for generic LTB models is beyond the scope of this paper, we provide below a list the preliminary results:
Entropy production is positive. Conditions (68) and (69) hold in the following cases:
• Late time evolution of elliptic models (see (A.1)) in time slices that "hit" the collapsing singularity. This result can be justified by qualitative arguments (see figure 1 ).
• Asymptotic time evolution (t → ∞ for all r) of hyperbolic models (see (A.1) ).
This result follows from the fact that δ (H) → δ (K) /2 holds in this limit for these models (because Ω q → 0), and thus from table 1 of [57] we have δ (ρ) δ (H) < 0 for all initial conditions complying with regularity.
Entropy production is negative. Conditions (68) and (69) are violated in the following cases:
• Parabolic models (spatially flat models K = 0, Ω q = 1, see first class of solutions in (A.1)). Since δ (H) = δ (ρ) /2 holds for all t, and regularity conditions require −1 < δ (H) ≤ 0 (see [56, 57] ), then δ (ρ) δ (H) > 0 holds for all t.
• Early time evolution of elliptic and hyperbolic models with a nonsimultaneous big bang. This result can be justified by qualitative arguments (see figure 1 ).
These results clearly indicate an important connection between the failure to fulfill a positive entropy production and specific conditions in which the density decaying modes dominate over the growing modes (parabolic models and near a nonsimultaneous big bang [3, 4, 5, 30, 33] ). This is an important theoretical feature worth a comprehensive examination to be undertaken in future work. † † The condition ρ (r) H (r) < 0 is also a sufficient condition if it holds for the full integration range 0 < r < r b in the integrals in (67) . On the other hand, conditions (68) and (69) only need to be evaluated at r b . Notice that for monotonic profiles ρ (r b ) < 0 and ρ (r b ) > 0 respectively imply ρ q (r b ) < 0 and ρ q (r b ) > 0, but the converses are false, see [57] . The figure displays time slices t 1 , t 2 , t 3 , t 4 (long dashed horizontal lines) in the (t, r) plane and the worldline of a comoving layer r = constant (short dashed vertical line) evolving from the a non-simultaneous big bang (thick lower curve tbb(r)) towards the collapsing singularity (thick upper curve tcoll(r)) in an elliptic model. For t 1 , t 2 we have necessarily H q < 0 and ρ q < 0, whereas we have H q > 0 and ρ q < 0 for t 3 , t 4 . Therefore, conditions (68) and (69) hold for slices near tcoll but fails for slices near tbb. The latter failure also occurs in hyperbolic models with non-simultaneous big bang that lack a collapsing singularity.
Besides the balance law (61), it is useful to compute time concavity/convexity of S given by the sign ofS, which follows readily by applying (20) to (63):
where we used (8a)-(8b), (25a)-(25b) and (37) to eliminate the derivativeṡ ρ,ρ q ,Ḣ,Ḣ q and Σ in terms of fluctuations D(ρ), D(H).
Conclusion and summary.
We have considered the q-average (the scalar average defined by (13)) in spherical comoving domains D[r] for the study of generic LTB models and their properties. This average generalizes the standard proper volume average of Buchert's formalism by the presence of a non-trivial weight factor (F) in the definition (13) (the q-average and Buchert's average of a given scalar A only coincide if F = const. [53] ). Evidently, the q-average with the specific weight factor (12) is specially suited for LTB models (though it also works for LTB models with pressure [40, 41] and Szekeres models [42, 43] ), while Buchert's average is readily applicable to any spacetime and any foliation in time slices. In this respect, the q-average is "model dependent" and more restrictive than Buchert's averaging formalism. However, it still remains to verify if useful results emerge from a weighed scalar average that may be devised for more general (or even fully general) spacetimes.
By applying the q-average to LTB covariant scalars A, we obtained new dynamical variables (q-scalars) that can be defined as functionals A q [r b ] (the average is assigned to a whole fixed but arbitrary domain) or as functions A q (q-functions that depend on the average for domains with varying boundaries). The q-scalars are covariant, as they are expressible in terms of curvature and kinematic invariants (see section 6), and also have very special and useful properties. Specifically, the q-scalars that are common with FLRW models (A q and A (18), (23) and (29)- (30)). In particular, all curvature tensors are expressible in terms of these algebraic expansions with coefficients given by the Ricci scalar R and the conformal invariant Ψ 2 (which is its local fluctuation D(R)) (section 6).
• Quadratic local fluctuations of ρ and H are equal to invariants that follow from contractions of the tensors involved in the dynamics of LTB models: the Ricci, electric Weyl and shear tensors. The q-averages of these fluctuations (local and non-local) are equal to statistical moments (variance and correlation moments) of ρ and H (see section 6).
• Local perturbations δ (A) provide an elegant and invariant characterization of the deviation from FLRW geometry in terms of the ratio of Weyl to Ricci curvature: Ψ 2 /R, where Ψ 2 is the only nonzero Newman-Penrose conformal invariant and R is the Ricci scalar, whereas relative Hubble scalar fluctuations δ (H) do so in terms of the ratio of anisotropic vs. isotropic expansion: Σ/H, where Σ is the eigenvalue of the shear tensor. All q-scalars can be given in terms of these scalar invariants (section 6).
• The basic difference with the standard proper volume average of Buchert's formalism is the absence of back-reaction correlation terms in the evolution equations associated with q-averages and their perturbations. Also, the relation between the averages of quadratic and higher order fluctuations and averages of scalar invariants and statistical moments of ρ and H does not occur with Buchert's average. We derive exact expressions for the Buchert's average of quadratic scalar invariants (see section 7).
As a quick application, we examined in section 8 the definition of gravitational entropy based on the Leibler-Kullback functional from Information Theory, which has been proposed by Hosoya, Buchert and Murita [35, 58, 59 , 60] using Buchert's averages. Considering this functional as given in terms of q-averages yields the same conjecture obtained in these references, namely: a relation should exist between positive entropy production (Ṡ > 0) and a negative correlation between fluctuations of ρ and H. However, testing this conjecture is easier if we use q-averages, since: S is proportional to the q-average of the scalar invariant σ ab E ab , and also ρ q and H q are expressible in closed analytic forms and the evolution equations for their fluctuations and perturbations (see part II) do not involve complicated back-reaction terms. Hence, we were able to obtain the sufficient conditions forṠ > 0 in terms of closed analytic expressions, such as (68) and (69) , that can be tested in arbitrary domains of generic LTB models.
As a comparison with our approach and preliminary results, a recent perturbative study [60] of the Leibler-Kullback functional in the context of Buchert's average yieldsṠ only in terms of the average (Buchert's average) of the invariant scalar C abcd C abcd (which is 8E ab E ab in LTB models), hence it excludes the contribution to inhomogeneity from the shear tensor (a spatial gradient of the velocity in the conformal Newtonian gauge) that comes from the scalar invariant σ ab E ab . Hosoya et al have not yet applied the Leibler-Kullback functional to generic LTB models in a nonperturbative manner (only a very simple example of an LTB model was considered in [59] , but this model exhibits shell crossings). Although they obtained conditions that are analogous to (64) , their main interest has been to provide a theoretical connection between the growth of structure complexity associated withṠ > 0 and the dynamical implications of the back-reaction terms that appear in Buchert's formalism. Since the back-reaction terms of Buchert's formalism vanish for q-averages, our results provide a different theoretical perspective, namely: the connection betweenṠ > 0 in (63) andS in (70) associated with the growth of structure complexity and the statistical moments that arise from the q-average of quadratic invariant scalars (E ab E ab , σ ab E ab , σ ab σ ab ) that vanish for FLRW models.
It is important to remark that the notion of a gravitational entropy connected to inhomogeneity (marked by invariant scalars of the Weyl tensor) bears a close relation to the concept of the "arrow of time" originally suggested by Penrose [65] , and further explored by a number of authors [66, 67, 68, 69, 70] . The Weyl tensor scalar that emerges in this literature is C abcd C abcd (proportional to E ab E ab in LTB models) and no attempt is made in these papers to connect it with averages and fluctuations. As a contrast, the Leibler-Kullback functional is based on an averaging formalism that yields a direct connection between the growth of structure (inhomogeneity) and its associated fluctuations, which in the case of the q-average, are directly related to invariant contractions of σ ab and E ab , as well as with fluctuations and statistical variance and covariance moments of both ρ and H (which is a fluid velocity). Evidently, we have only considered this functional with the q-average applied on LTB models, and thus, we cannot exclude the possibility that contradictory results may happen with Buchert's average or in other types of models (as for example with the "arrow of time", see [68] ), but the work we have developed here may provide a guideline on how to explore the notion of the arrow of time and its relation with the Leibler-Kullback functional in more general models.
While the q-average formalism cannot be used to study and understand the dynamical implications of back-reaction, it has resulted very helpful for understanding the properties and evolution of LTB models [54, 55, 56, 57] , including the computation in these models of back-reaction terms and verification of the existence of "effective" acceleration in the context of Buchert's formalism [53] . Moreover, it does provide through its fluctuations and perturbations interesting connections between averaging, perturbation theory, invariant scalars and statistical correlations of ρ and H, which signals a valuable theoretical insight on how the averaging process should work in any generic solution of Einstein's equations (at least in LRS spacetimes whose dynamics is reducible to scalar modes). In particular, since most formal and theoretical results obtained for LTB models can be readily applied to Szekeres models [42, 43] , the extension of our results to these models is currently under elaboration. In fact, the dynamical effect of q-scalars in LTB models may be applicable to even more general spacetimes. We feel that exploring this proposal is worth considering in future research.
where V q /V q = 3R /R and V q is defined in (60) . As a consequence, any scalar expressible as a function of q-scalars is itself a q-scalar: if A q and B q are two qscalars and U = U (A q , B q ), then
2) so that we can identify Z q = U (A q , B q ) as the q-scalar whose corresponding "local" scalar Z is given by
where it is important to remark that (in general) we have Z = U (A, B) . It is straightforward to show that Z and Z q above satisfy the integral definition (13) , which basically states that a function of q-averages U ( A q , B q ) is itself the q-average Z q of a scalar Z given by (B.3), which in general does not coincide with U (A, B) nor its q-average U (A, B) q .
Appendix C. Proof of (34) and (35) .
The proof of (34) where V q is defined by (60) , so that V q = 4πR 2 R . Considering that (3) and (17) imply 3H = θ =V q /V q and 3H q = θ q =V q /V q . Inserting these identities into (C.2) yields the desired result: 
